A gradient dependent formula is derived for the spinless one-particle density-matrix operatorẑ from the differential virial theorem. A gradient dependent formula is also derived for a spinless one-particle density-matrix operator that can replace the two operators of the differential virial theorem that arise from the kinetic energy operator. Other operators are also derived that can replace the operators mentioned above in the differential virial theorem; these operators depend on the real part of spinless one-particle density-matrix.
I. INTRODUCTION
Hohenberg and Kohn [1] proved that the external potential of an electronic system is determined by the electron density of the ground state. Unfortunately, an explicit formula, sequence, or series for this abstract function with external-potential values has not been discovered. However, an explicit formula for an operator with external-potential values, but depending on reduced density matrices of the ground-or excited-states, has been discovered by Holas and March [2] . In their formalism, they derived an equation, called the differential virial theorem, that gives the external potential from a path integral. The differential virial theorem has been exploited in many theoretical developments [3] [4] [5] [6] [7] [8] [9] . The formalism has also been extended to systems that have a non-integer number of electrons [9] and to ones that are time-dependent [10] .
For electronic systems, the differential virial theorem is [2] ρ(r)∇v(r) + 2 ρ 2 (r, r
where pair function ρ 2 , spinless one-particle density matrix ρ 1 , and electron density ρ are defined elsewhere [11, 12] and below, and v is a fixed external potential; the valueẑρ 1 of the linear operatorẑ is a vector field with Cartesian componentsẑ x ρ 1 ,ẑ y ρ 1 , andẑ z ρ 1 , where, for example,ẑ x ρ 1 is defined by [ẑ x ρ 1 ](r) = 1 2 p∈{x,y,z}
and ∂ p denotes the partial derivative with respect to the Cartesian component p of r.
Theẑ term from (1) differs from the others, since the other terms define a linear operator with a formulas that depend explicitly on the gradient operator ∇, e.g., letL be defined bŷ
In this paper, we obtain formulas for the operatorsẑ that depend explicitly on the gradient operator ∇ only. We also obtain other results as explained within the next two paragraph. The formulas for the operatorsκ andκ s also depend explicitly on ∇ only.
II. THE DIFFERENTIAL VIRIAL THEOREM
Let Ψ be a complex valued, N-electron eigenfunction of the time-independent, electronic Schrödinger equationĤ
where the Hamiltonian operator,
is determined by the external potential v and the positive integer N. After substituting Ψ = χ + iλ into (4), where χ and λ are the real and imaginary parts, respectively, the resulting equation can be separated into two equationŝ
and these are satisfied, since (4) is required to be satisfied by Ψ. Using (5) the equation for the real part is
Let Ψ have partial derivatives up to the third order that are continuous for all r such that v(r) is finite. Applying the operator χ 2 ∂ x 1 χ −1 to the above equation yields
The identity
is easily proved by substituting Ψ = χ + iλ. Hence, (12) can be written
Equation (14) is integrated over r 2 , r 3 , · · · r N below. Consider now the integration of the first term on the right-hand side of (14) over r i with the case where p i = x i :
and this follows since a wave function and its derivative must vanish at infinities. Obviously, the cases with p i = y i and p i = z i also vanish. These results combined with a similar analysis for last terms of (14) gives
Note also that
where x i = r i , ω i and ω i is the spin coordinate of the ith electron, and the p 1 and p
components have an obvious correspondence, e.g., if
is set equal to r 1 after all operators have been applied. Multiplying (14) by N, integrating and summing the resulting equation over x 2 , x 3 , · · · x N and ω 1 , and using the above two identities, we obtain
where the valueẑ x ρ 1 of the linear operatorẑ x is defined by (2), and it is understood that the summation over p is actually a sum over the set of ordered pairs
the spinless one-particle density matrix ρ 1 , pair function ρ 2 , and density ρ are defined by
Obviously, analogous equations to (2) and (15) are satisfied by the other two components of r 1 , e.g.,, one equation is obtained by replacing x and x 1 by y and y 1 . All three equations combined, after a change in notation, is the differential virial theorem (1).
III. EQUALITIES INVOLVING SYMMETRIC OPERATORS AND FUNCTIONS
LetÔ be an operator (not necessarily linear) from a subspace D of complex valued functions with domain D ⊂ R 3 × R 3 . Letφ denote the real part of a function φ ∈ D, and
IfÔ is linear and symmetric, i.e.,Ô r,r ′ =Ô r ′ ,r , (e.g.,Ô r,r ′ = ∇ r · ∇ r ′ ), and if φ
where, strictly speaking,Ô r,r ′φ(r, r ′ ) is a short-hand notation forÔ r,r ′ (φ(r, r ′ ) + i0), and similar notations are used below. The first equality follows from
O r ′ ,r =Ô r,r ′ , and φ(r ′ , r) = φ * (r, r ′ ). The second one follows from the first one,φ = 
This follows by using φ(r, r
, and inspection.
Note that (17) is not an identity if the domain D ofÔ includes functions that are not symmetrical. Similarly, equalities in (16) are not identities if there exist a φ ∈ D such that φ * (r, r ′ ) = φ(r ′ , r), even ifφ is replaced by Reφ, where Re is an operator such that Reφ =φ.
IV. GRADIENT ∇ FORMULAS FOR OPERATORS
A. Gradient ∇ formulas for operators that can replaceẑ in Eq. (1) In this section we derive an operator that can replaceẑ in the differential viral theorem
(1). This operator depends explicitly on Reρ 1 only, and it has a formulas that depend explicitly on the gradient operator ∇ only. Another ∇ dependent formula for this operator is obtained by factoring.
Let C 3 (Ω) be the set of all complex valued functions that are three times continuously
Hilbert space with the same domain Ω.
Since the operator defined by ∂ x ∂ p ′ + ∂ p ∂ x ′ is symmetric and ρ * 1 (r, r ′ ) = ρ 1 (r ′ , r), the equalities from (16) are applicable, in particular
whereρ 1 is the real part of ρ 1 . Sinceρ 1 (r, r ′ ) =ρ 1 (r ′ , r),ρ 1 is symmetrical, so we can apply (17) to the right-hand side of (18), after it is multiplied by 1/2, giving
Operating with ∂ p , we get
Summing over p and comparing with (2), we find that
and by considering all components, we obtain our main objective:
and note that the gradient ∇ r on the far left is applied before r ′ 1 is set equal to r 1 . Let the operatorẑ ′ be defined by the right-hand side of the above equation for allρ 1 ∈ C 3 (Ω) such thatρ 1 is real valued. The operatorẑ ′ can replaceẑ in (1), since all one-particle density matrices satisfy ρ 1 (r ′ , r) = ρ * 1 (r, r ′ ).
(Let the operatorẑ ′′ be defined by the right-hand side of the above equation withρ 1 replaced by Reρ 1 , where Re is considered an operator that is part of the formula forẑ ′′ , i.e., z ′′ is a composition of operators that include Re. Note thatẑ ′′ =ẑ on C 3 (Ω). However, Another very similar formula to (22) is obtained by substituting the result from
into (22), giving
For later use we substitute this result into (1) and then expand out the last term:
Note that (18) and (2)-along with the equations forẑ y ρ 1 andẑ z ρ 1 -indicate that
Note also that if we operate on (19) with p ∂ p , and then compare with (2), we obtain
B. Gradient ∇ formulas for operators the can replace the kinetic energy part in Eq. (1) Next we show that the top right-hand-side of (25)-the kinetic-energy corresponding part-satisfies
First we derive an expression for the ρ dependent term in (28). Using a set of natural orbitals [11, 13] {χ i }, the electron density can be written ρ = n i χ i χ * i , where, to reduce clutter, triple indices are summed over the positive integers. Using the natural orbital expansion, we have
Using the identity [14]
where f and V are scalar and vector functions, respectively, we obtain
where cc means the complex conjugate of the terms to the left. Operating with ∇ gives
Since the first term and the right-hand side is equal to its complex conjugate,
andρ 1 (r ′ , r) =ρ 1 (r, r ′ ), we can write
Next we work on first term on the right-hand side of the above equation, starting with
Operating with ∇ r gives
For the first term on the right-hand side, r and r ′ can be interchanged in ∇ r · ∇ r ′ without changing the value; for the second term, each r can be changed to r ′ to the left | r ′ =r , and, simultaneously, each r ′ is changed to r:
Using these identities after multiplying (31) by n i , we obtain
Substituting this result into (30), we find, after multiplying by 1 4 , that
Next, the second line of (25) is copied followed by substituting the above equality:
and the first identity from (28) follows by inspection. Hence, (25) can be written
For the second identity from (28), consider the result from (33). Interchanging r and r ′ and then usingρ 1 (r, r ′ ) =ρ 1 (r ′ , r), we obtain for the last term
Hence
Comparing this identity with (33) gives the second identity from (28), and (25) can be
V. GRADIENT ∇ FORMULAS FORẑ AND THE KINETIC ENERGY PART
In this section we symmetrize operators derived in the previous two sections to obtain gradient-dependent formulas for the operatorẑ and a spinless one-particle density-matrix operator that can replace the right-hand side of (1).
Consider (24), and letÔ
Sinceρ 1 is symmetric, we can use equality (17) in (24):
(Ô r,r ′ +Ô r ′ ,r ) is linear and symmetric, and ρ * 1 (r, r ′ ) = ρ 1 (r ′ , r), we can use equalities from (16), in particular
Substituting this result into the one above it, we have
and, explicitly, we obtain one of our objectives from (37): 
[κ 
and either one of these can replace the right-hand side of the differential virial theorem (1).
Applying the symmetrization procedure above toκ, we find that By comparing these two it is obvious that the symmetrization procedure involvingκ ′ gives the same result, i.e.,κ ′ρ 1 (r) is also equal to the right-hand side of (43). Substituting (41) into (34) and using (43), we find that ρ(r)∇v(r) + 2 ρ 2 (r, r
VI. CONCLUSION Identity (39) (or (40) ) provides a new formula for the operatorẑ from the differential virial theorem (1), previously defined, in part, by (2) . The right-hand side of (24) (or (22) ) can also replace [ẑρ 1 ](r) in (1), whereρ 1 is the real part of the spin-less one particle density matrix ρ 1 . The two terms on the right-hand side of (1)-corresponding to the kinetic
